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Abstract. We present an analysis of the Ginzburg—Landau equations for the description of a two-
dimensional superconductor in a bounded domain. Using the properties of a particular integrability
point of these equations which allows vortex solutions, we obtain a closed expression for the energy
of the superconductor. The role of the boundary of the system is to provide a selection mechanism
for the number of vortices. A geometrical interpretation of these results is presented and they are
applied to the analysis of the magnetization recently measured on small superconducting discs.
Problems related to the interaction and nucleation of vortices are discussed.

1. Introduction

This paper is devoted to the study of the existence and stability of vortex solutions of the
Ginzburg—Landau equations in finite two-dimensional domains with boundaries. For the
case of the infinite plane, a large amount of work has been devoted to such questions,
motivated by the ubiquitous character of the Ginzburg—Landau equations either in the study of
superconductors or for the Abelian Higgs model. It is known [1-3] that for the infinite system
the Ginzburg—Landau energy functional has a lower bound which is saturated for a special
choice of the parameters (which corresponds to the limiting case between type-I and type-II
superconductors). The minimizing equations at this special point, also called the dual point,
are first-order differential equations and they admit solutions with vortices. These different
vortex solutions are classified by an integer of topological origin, namely the winding number
of the order parameter which, roughly speaking, counts the number of vortices.

Although the Ginzburg—-Landau equations in finite domains have been investigated [4],
there is no generalization, so far, of the results concerning the dual point for finite two-
dimensional domains (which we hereafter refer to as ‘billiards’). In this paper, we study
such a generalization; besides a theoretical interest, our motivation has been triggered by
a set of new experimental results obtained on small aluminium discs [5] in a mesoscopic
regime where the radiuB is comparable with both the coherence lengthnd the London
penetration length. There, the magnetization, as a function of the applied magnetic field,
presents a series of jumps with an overall shape reminiscent of type-Il superconductors. Such
a behaviour is very different from that of macroscopic systems: in the main, aluminium is
a genuine type-l superconductor. These experiments were first analysed in the framework
of the linearized Ginzburg—Landau equations [6]. Although this approach explains some of
the observed features, it fails to provide a satisfactory quantitative agreement, and cannot
account for the large spatial variations of the magnetic field inside the sample (e.g. vortices).
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Numerical solutions [7] of the Ginzburg—Landau equations give a much better description
of this phenomenon, and emphasize the importance of the nonlinear term. However, in this
context, no analytical results are available for the full Ginzburg—Landau equations. Using our
results on the dual point, we shall derive an analytical expression for the free energy and for
the magnetization of a mesoscopic superconductor as a function of the applied magnetic field.

The plan of this paper is as follows. In section 2, we review the basic features of the
Ginzburg—Landau equations for a superconductor and discuss some assumptions of our model
that allow us to derive analytical results. In section 3, we describe the main features and
the known results about the dual point and the lower-energy bound for an infinite system.
Then, in section 4, we study the case of a finite domain and derive an expression of the free
energy which, in addition to the previous lower bound, includes a contribution of the boundary.
Section 5 contains a geometrical interpretation of these results. In section 6, our results are
applied to the analysis of the experimental data obtained on small superconducting discs. In
the conclusion, we propose some extensions of our work and a scenario for the nucleation of
vortices at the boundary.

2. The model

In what follows, we study a superconducting sample within the framework of the Ginzburg—
Landau equations (this assumes that both the order parameter and the vector potential have a
slow spatial variation). The expression for the Ginzburg—Landau energy dernsitjven by
- 2 -\ [ B?
a=ap+agylP+asyl +ar|(V—iZA)y| + )
hc 8

wherey = |y|€” is the complex-valued order parametBris the magnetic field and the
are real parameters. The coherence length and the London penetration length are related to
these parameters as follows [§° = & andi? = j—f(’z‘—j)zaﬁgzl, so that we obtain for the
dimensionless free enerdy

f=/%|B|2+x2|1— W22+ (V=i Ay (2)
Q
whereyr is measured in units afy = % B in units of%, wheregg = % is the quantum

of flux. The lengths are measured in units)af2 (the numerical factok/2 is for further
convenience). The ratio = g is the only free parameter in (2) and it determines, in the limit
of an infinite system, whether the sample is a type-I or type-ll superconductor [8]. The integral
is over the volume = = R?d of a superconducting thin disc of radigsand thicknessg.

_The Ginzburg-Landau equations for the order paramgtand for the magnetic field

B =V x A are obtained from a variation &f;

(V=D =22y L~y

N 3

VxB=2J ®)
where the current densityis given by

J=Im@Vy) — |y PA. (4)

Outside the superconducting sample, the order parameter vanishes and the magnetic field is
a solution of the Maxwell equation. The boundary condition we consider corresponds to the
interface between a superconductor and an insulator so that [8]

(V—id)yl; =0 (5)
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wherer is the unit vector normal at each point of the surface of the superconducting disc. A
complete solution of this problem requires the solution of the three-dimensional Ginzburg—
Landau equations for a thin disc. The existence of a boundary precludes an analytical result
for that case. We are then led to make some assumptions, based upon numerical results [7]
which allow us to derive an expression for the free energy of the superconductor.

The thicknesg of the sample considered in the experiments [5] fulfilx & andd < A
so that we assume both the order paramgtand the vector potentiai to be constant across
the thickness and to depend only on the polar coordin@@s in the plane of the disc. This
is correct in the limit of an infinitely long cylinder for which the flux lines of the magnetic
field near the superconductor are straight. For a thin disc it is no longer the case. But we can
estimate the curvature of a flux line stating that it deviates a distance of®mler the effective
screening length,(d, R, 1) so that the curvature iB/Af(d, R, 2). For the approximation of
a two-dimensional system to hold the curvature must be smaller thaidl R, 1) so that

R <K Xe(d, R, \). (6)

The expression of the effective screening lenigtta, R, ) is unknown in the general case. In

the limit R — oo, itis given bya.(d, oo, A) =~ A2/d [10,11]. The system must be described
using the Pearl solution [9]. For a finite and small eno&glwe assume that relation (6) is
fulfilled so that we can use the Ginzburg-Landau equations over a two-dimensional domain
and estimate the free energy per unit length. Moreover, sinaad A are constant over the
thickness, the boundary condition (5) is automatically satisfied on the upper and lower surface
of the disc. We now derive an important property of the Ginzburg—Landau equations in two
dimensions.

3. The dual point of the Ginzburg—Landau equations in an infinite system

The Ginzburg—Landau equations are nonlinear second-order differential equations and their
solutions are unknown except for some particular cases. However, for the special valg%,

the equations fory and A can be reduced to first-order differential equations. This special
point was first used by Sarma [2] in his discussion of type-I versus type-Il superconductors and
then identified by Bogomol'nyi [1] in the more general context of stability and integrability of
classical solutions of some quantum field theories. We now review some of these properties
of the Ginzburg-Landau free energy at the dual point. We shall use the following identity true
for two-dimensional systems:

(V—id)y[? = Dy ?+V x ]+ Bly|? (7)
wherej is the current density and the operafois defined a® = 9, +i9, —i(A, +iA,). At
the dual pointx = % expression (2) fofF can be rewritten using the identity (7) as follows:

f=/%|B—1+|w|2|2+|Dw|2+7§ (G+A)-d ®)

Q Q2

where the last integral over the boundagy of the system results from Stokes’ theorem.
For an infinite system we impose, as in [1], that the system is superconducting at large
distance, i.ejyr| — 1 andj — 0 at infinity. The boundary term in (8) then becomes

o = 7=\ =
+A)-d = ——+A)-d. 9
ygg(j ) 759(“/42 ) ©)

This last integral is known as the London fluxoid. Itis quantized and using (4) one shows that
itis equal tof,, Vx - dl = 27n, wherey is the phase of the order parameter. The integer
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is the winding number of the order parameteand as such is a topological characteristic of
the system. The extremal values®f namelyF = 2z n, are obtained when the bulk integral
in (8) vanishes identically, i.e. when the two Bogomol'nyi [1] equations are satisfied:

Dy =0
B=1-|y|%

These two equations can be decoupled and one obtaingtha solution of the second-order
nonlinear equation

(10)

VZIn|y > =2(y > - 1). (11

This equation is related to the Liouville equation. The set of equations (10), (11) has been
obtained without any assumption on the nature of the magnetic field and appears in various
other situations, e.g. Higgs [3], Yang—Mills [12] and Chern—Simons [13] field theories. It was
proven that these equations admit families of vortex solutions [3]. For infinite systems, it can
be shown that each vortex carries one flux quantum and that the winding nanstegual to

the number of vortices in the system. However, for an infinite system there is no mechanism to
select the value of, which only plays the role of a classifying parameter. It will be precisely
the role of the boundary of a finite system to introduce such a selection mechanism and to
determinen, according to the applied magnetic field.

4. The finite-size system

From now on, we study finite-size systems in an external magnetic field. The question then
arises to know if such systems can sustain stable vortex solutions and how they behave as a
function of the applied field. A simplified version, without applied magnetic field, was studied
extensively by Bethuedt al [4]. In this work the mechanism for vortex creation is based on
Dirichlet boundary conditions of the type = f ondQ and wheref is a complex function of
degreer. In the London limit, namely — oo, || is one almost everywhere but, because of
the degreea imposed on the boundary, must vanish: times in the bulk therefore leading to
vortices. Moreover, numerical simulations of the Ginzburg—Landau equations for a long and
thin parallelepiped in a uniform magnetic field [14] show the existence of stationary vortex
solutions whose number depends on the applied magneticfield. These simulations then indicate
that the physical picture derived for= % remains valid for quite a large range of values of
k, and that the corresponding change of free energy is small (see also [15]). Indeed, for finite
systems their sizeR, becomes relevant as a new length scale sodligino longer the only
dimensionless parameter, and its value does not solely control the physics at the mesoscopic
scale as it does for infinite systems. We study the e@e\i@, i.e. the dual point, and extend
the previous approach to a system with finite size where boundary effects are important.

In a finite system, there are in general non-zero edge currents and the order parameter is
not equal to one on the boundary. Hence, the identification of the boundary integral in (8)
with the fluxoid (9) is no longer possible, and the free energy cannot be minimized just by
imposing Bogomol'nyi equations (10). However, the currents on the boundary of the system
screen the external magnetic field and therefore produce a magnetic moment (a circulation)
opposite to the direction of the field, whereas vortices in the bulk of the system produce a
magnetic moment along the direction of the applied field. Hence currents in the bulk circulate
in a direction opposite to those at the boundary. If one assumes cylindrical symmetry, the
current densityy has only an azimuthal component, with opposite signs in the bulk and on
the edge of the system (the radial componenjf & zero since; is divergenceless). Thus,
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0Q

Figure 1. Schematic set-up of the total system with the two subdonfains
and2; separated by the contolir

there exists a circl€ on whichj vanishest. This allows us to separate the dorgiinto two
concentric subdomair@ = Q; U Q, such that the boundasg2; is the curva” (see figure 1).
0On 4L, the current density is zero, therefore one has

-

.= J o
-dl:¢ ——.dl =0. 12
ygmj a0, [V (12)

Thus one deduces, as above, that Bogomol'nyi and Liouville equations are valid in the
finite domain; as in the case of the infinite plane. The existence of vortices in a finite
domain such a®; was checked using a numerical solution [16] of (11): assuming cylindrical
symmetry, one shows thaf | vanishes as a power law at the centre of the disc, hence there is
a vortex in the centre (more precisely a multi-vortex whose multiplicity is determined by the
exponent of the power law); moreovap,| saturates very rapidly to a constant value close to one
for lengths larger than. The same conclusion can be reached by defirffiag = — In |/|?
and linearizing (11) aroungdy| = 1. Then,f satisfiesV?f = 2f whose general solution is
f(r) = alo(rv/2) + bKo(r+/2). From the behaviour of the Bessel functialgsand K, one
obtains that for smal, || vanishes as a power law and saturates rapidly to a constant of order
one in a finite range of values (in units ofv/2).

The magnetic fluxp (21) through€2; is calculated, in units of the flux quantupg, using
the fluxoid and (12) so that

(0 f 7ol
= n — — =N
! E

As beforey is the winding number, i.gf, o, Vx -di = 27n, as well as the number of vortices.
The free energy i, is

F(Qu) = 2nn. (13)

Therefore, at the duality point = 1/+/2, the contribution of the vortices to the free
energy is purely topological and does not depend on either the precise shape of the vortices
or on the form of their interaction. This property does not hold for any value. ofFor a
two-dimensional film with an infinitesimal current sheet, the vortex configuration has been
computed by Pearl [9] and differs qualitatively from the Bogomol'nyi vortices [15, 16]. For
instance, the latter correspond to an exponential decay of the screening currents while they
behave as a power law in the Pearl case. But in our model and at the dual point, the energy
as well as the main features of the magnetization curve that we shall derive do not depend on
the structure of the vortices. In contrast, away from the dual point i.&. $6r1/+/2, both the
shape of the vortices and their interaction will modify the free energy and the magnetization.

Tt More generally, we claim [19] that, even in the absence of cylindrical symmetry, the result (10) remains valid
because there is still a contolly surrounding the vortices, such that the current density at each pdintsoéither
zero, or orthogonal td'.
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For instance, a radially symmetric solution will become unstable compared with a solution
with a fragmentation into small vortices [18, 19].

We now consider the contribution 6f; to the free energy. It is given by (2) and can be
rewritten using the phase and the modulus of the order paramelzer

L A= |1/fI2)2
2

We know, from the London equation, that both the magnetic field and the vector potential
decrease rapidly away from the boundasy of the system over a distance of the order of one

in units of A.v/2. Over the same distance, at the dual pdit, saturates to unity. One can

thus estimate the integral (14) using an elementary version of the saddle-point method. We
assume cylindrical symmetry, and we neglect the t€¥ip)|)? on the boundary because of

the covariant Neumann boundary conditions at the interface between a superconductor and an
insulator [5]. We obtain, for the free energy, the expression

A= A-ly»?
2

where the integral is now over the boundary of the system. To proceed further, we need to
implement boundary conditions for the magnetic fi@l@R) and the vector potentiad (R).

The choiceB(R) = B., whereB, is the external imposed field, corresponds to the geometry

of an infinitely long cylinder, where the flux lines are not distorted outside the system. This
boundary condition is not adapted to describe a flat thin disc. A more suitable choice is provided
by demanding = ¢., which means that the total flux through the disc is identical to the flux

of the external field, although flux lines are distorted by the superconducting sample. We
emphasize that this boundary condition does not apply to the case of a long superconducting
cylinder but corresponds to a thin disc in the limit described in (6).

One can check, using numerical simulations [10], that this condition is well satisfied if
the disc is thin enough. The boundary conditipr= ¢, implies that the vector potential is
|dent|f|ed by continuity to its external applied valﬂgwhlch has only the azimuthal component
an It should be noted that the magnetic figichas a non-monotonous variation: it is low
in the bulk, larger thamB, near the edge of the system, because of the distortion of flux lines,
and eventually equal to its applied value far outside the system [18].

Different choices of boundary conditions will give rise to different limits for a very
large system (i.e. foR — o). The limit of an infinitely long cylinder corresponds to a
superconducting bulk sample, whereas the limit of a thin disc, which is the case we consider
here, corresponds to a superconducting thin sheet.

The formula (15) for the free energy is similar to the Little—Parks expression [8] for a
quasi-one-dimensional hollow cylinder in a uniform applied magnetic field. The minimization
with respect tdy| gives 1— |y|2 = |[Vx — A|?, such that (15) can be written as

5’:(92)—/ (VD2 + W21V — AP+ (14)

ﬂszz):f WAy — AR+ o+ (15)
IR

F(Q2) =7§ Vx — A2+ 182~ Y¥x — A" (16)
IR

Performing the integral over the boundary of the system, we obtain

1
5 F () = Lﬁ( — )’ -2 <M> (n — ¢ 17

We have neglected the contribution of tRéterm, which is similar to the first term in the rhs
of (17) but smaller by a factor of the ordér/R)2. The integen which appears in (17) is the
same as in (13), since the order parametas the same function in both subdomains. The
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Figure 2. F(n, ¢.) given by (1) plotted as a function of the
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circulation of its phasg (the winding number) counts the number of zeros in the dorfain
i.e. the number of vortices. The thermodynamic Gibbs poterdtjadf the system is obtained
from F(Q21) + F(22) by a Legendre transformation so that

A2 1 (/2 : 222
2 - ¢e)* — > () (n—¢)* — Fqbez. (18)

1 2
EQ(H, ¢)=nt R
This relation consists of a set of quartic functions indexed by the integdthe minimum
of the Gibbs potential is the envelop curve defined by the equ@%% =0, i.e. the system
chooses its winding numbaerin order to minimizeg. This provides a relation between the
numbern of vortices in the system and the applied magnetic fggldIn the limit of a large
enough%, the quartic term is negligible and the Gibbs potential reduces to a set of parabolas
(figure 2). The winding number is then given by the integer part

R 1
n —= e — ——F—— + — . 19
[¢ 22 2] 19
The magnetizatiod = —%, of the system, is given by
225 4)?

M = —p—(pe =) = 5 e (20)

For ¢, smaller thatﬁ, we haven = 0 and(—M) increases linearly with the external flux.
This corresponds to the London regime before the first vortex enters the system. The field,
Hj, at which the first vortex enters the system correspon@giic= 0) = G(n = 1), i.e. to

o do
H=——"+ . 21
YT onJ2R).  2nR? (1)

The subsequent vortices enter one by one for each cro§sing 1) = G(n); this happens
periodically in the applied field, with a period equal to

%o
AH = —R2 (22)
This gives rise to a discontinuity of the magnetizatiofd = @.

There is a qualitative similarity between the results we derived using the Bogomol'nyi
equations within the domaif2; and those obtained from a linearized version of the Ginzburg—
Landau functional [6]. But the two approaches differ in their quantitative predictions due to
the importance of the nonlinear term. An illustration of this is given in the next section.
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5. A geometrical interpretation

In an infinite system, one shows using the boundary conditiohs> 1 andj — 0 at infinity,
that equation (9) implies the quantization of the magnetic flux:

/ B.dS =n. (23)
RZ

If one interpretsB as a curvature, this relation is analogous to the Gauss—Bonnet theorem,
which states that, for a compact manifdifl without boundary, the integral of the Gaussian
curvaturek over the surface is equal to the Euler—Poigcztiaracteristicg of the manifold,
which is a topological invariant integer:

/MK:X. (24)

This result is, in fact, more than an analogy and at the dual point the Ginzburg—Landau
functional has a useful geometrical interpretation that we now highlight [20].

The Ginzburg—Landau functional (2) for the energy of a superconductor corresponds to a
U(1) gauge symmetry. For that symmetry, one can identify an Abelian one-form connexion
and a two-form curvaturg given, respectively, by the vector potentiaind by the magnetic
field B. The complex order parametgris a section of thé/ (1) fibre and the basis manifold
is the infinite plane. The above boundary conditions allow one to map the plan onto a compact
manifold without boundary, namely the sphere. Topological invariants of the problem are
obtained from the Chern—Weil invariant polynomi(2) = det(1 +§Q) (seee.g.[21]). For
the U (1) bundle over a sphere there is only one Chern cl@gs; B). The integral of that
Chern class over the basis manifold is a topological invariant integer called a Chern number
and is given precisely by (23). This Chern number plays a role similar #t the dual point,
the energy isF = [ B = 27n; this fact can be translated in geometrical terms by stating that
the extremal free energy is identical to a topological invariant of the problem, namely its Chern
number.

When the basis manifols/ has a boundar§ M which is not a geodesic, the integral of
its curvature is neither an integer nor a topological invariant. The Gauss—Bonnet theorem is
then generalized by adding a boundary term so that the Euler—Ppidicaracteristicg is
now given by the relation

X=i de+i7§ ky dl (25)
2m Iy T Jom

whereK andk, are, respectively, the Gaussian curvature of the manifold and the geodesic

curvature of the boundary. A similar result holds for tél) problem in a bounded domain

(or in an infinite domain with boundary conditions different from those chosen above). In that

case the relation equivalent to (25) is given by the fluxoid relation (9):

L) Besf d
n=— 1| B-dS+ —— . dl. 26
2r Jo e [V (26)

As before,B is the curvature of the connexion and the current de ﬂ‘ ,,here plays the role
of a geodesic curvature [20]. The expression obtained in (17) for the Bogomol'nyi free energy
of a system with a boundary can be rewritten as:

o e ()= £

The boundary correction is a functianof the geodesic curvature. The results obtained in
the preceeding section show that the geodesic curvature is giver-lay, for a cylindrically
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Figure 3. The magnetization—M, as given by (15)

! . : . . " ., as a function of the applied magnetic flyx and for
Applied magnetic flux A/R = 0.14.

symmetric system and using the appropriate approximations we determined the fyrection
being an even fourth-order polynomial in the geodesic curvature.

This geometric interpretation leads us to believe that an expression such as (27) is fairly
general. It could be well suited, as an ansatz, to describe finite systems which are known to
have a topological description in the infinite limit (for instance, a suitable generalization of (27)
to other symmetry group lik§U (2) could describe some phases of superfluids in a bounded
domain).

6. Comparison with the experimental results

In order to compare our results with the experimental data given in [7], we consider the limit
where the radiug is larger tham andé, (typically, R ~ 10 is considered experimentally
[5,7]). The thickness of the system is assumed to be small enough so that we can neglect
variations of both the magnetic field and the order parameter along the cylinder axis. We
shall prove that within these approximations, the expression (18) captures the main features
observed experimentally i.e. the behaviour of the magnetization at low fields (before the first
discontinuity), the periodicity and the linear behaviour between the successive jumps and
provides a fairly good quantitative agreement.

The magnetization curve in figure 3 (plotted for the r%io: 0.14, chosen arbitrarily)
agrees qualitatively with both the numerical and experimental curves of figure 3in [7]. Besides,
taking the experimental parameters of [7], nam&ly= 1.2 um andA(T) = 84 nm at
T = 0.4 K, we compute from our expressiof = 25 G andAH = 4.6 G. These values
agree with the results of [7] to within a few per cent. We emphasizeAhaicales likeZ,
whereasA H scales a% in accordance with [5]. We calculate the ratio of the magnetization
jumps to the maximum value @ to be 0.20 compared with a measured value of 0.22. The
total number of jumps scales & and the upper critical field is independent ®fin our
theory. This also agrees fairly well with the experimental data [5, 7]. We emphasize that this
gquantitative agreement cannot be obtained from the linearized Ginzburg—Landau equations.

7. Conclusion

We have investigated the problems of the existence and the stability of vortices in a two-
dimensional bounded superconducting system. To that purpose, we have used the Ginzburg—
Landau energy functional at the special dual point characterized by thewaiu% which
corresponds, for an infinite system, to a superconductor between type | and type Il. We have
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shown for that case that it is still possible to obtain vortex solutions at the thermodynamic
equilibrium. In contrast to the Bogomol'nyi solution obtained for the infinite plane, where
there is no definite value for the numbepf vortices, there is a selection mechanism for a
finite billiard in an external magnetic field that allows one to compute the number of vortices
as a function of the applied field. Our reasoning is based on the existence of a dontioich

allows one to separate the system in two parts, the bulk containing the vortices and the edge
with screening currents. As such, the system might be viewed as a kind of two-dimensional
Josephson junction or weak superfluid link [22]. Vortices enter (or are expelled from) the
superconductor through, if the applied magnetic field is increased (or decreased).

Although we considered the special case of the dual point, our analysis provides a
satisfactory quantitative description of the behaviour observed experimentally on such small
superconducting billiards at least for the regime where the density of vortices is low enough
i.e. for small applied magnetic fields. For higher fields, expression (18) does not properly
describe the tail of the magnetization curve where both the periodidifyand the amplitude
AM of the jumps decrease and eventually vanish. In this regime, the vortices interact both
between themselves and with the edge currents. But our solution at the dual point constitutes
a good starting point for a perturbative analysis of the eagel/+/2. In that case, a radially
symmetric configuration of vortices is less stable than a polygonal configuration for certain
values of the applied magnetic field [19].

So far, we have studied only equilibrium states. On the basis of numerical simulations
of the time-dependent Ginzburg—Landau equations [14], we propose a mechanism for vortex
nucleation. At each discontinuity of the winding number, namely wher % is a half
integer, there is a nodal line, joining the centre of the system to its boundary, along which the
order parameteyr vanishes and where its phase is ill defined. This might be interpreted as
an opening of the ring of the screening currents which allows a flux line of the external field
to enter the system. In this case, we expect the coritdiar coincide with the boundary of
the system. The existence of such a nodal line has been discussed in the context of Ginzburg—
Landau equations and for the related Aharonov—Bohm problem of a magnetic flux line piercing
either the infinite plane [23] or a finite domain [19, 24].
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